We in this paper strictly prove that some block diagonalizable two qubit entangled state with six none zero elements reaches its quantum relative entropy entanglement by the a separable state having the same matrix structure. The entangled state comprises local filtering result state as a special case.
Introduction
Quantum relative entropy function has many applications in the problems of classical and quantum information transfer and quantum data compression. The relative entropy has a natural interpretation in terms of the statistical distinguishability of quantum states; closely related to this is the picture of relative entropy as a distance measure between density operators. Based on the relative entropy, a nature measure of entanglement called the relative entropy of entanglement was proposed. This entanglement measure is intimately related to the entanglement of distillation by providing an upper bound for it. It tells us that the amount of entanglement in the state with its distance from the disentangled set of states. In statistical terms, the more entangled a state is the more it is distinguishable from a disentangled state [1] . However, except for some special situations [2] , such an entanglement measure is usually very difficult to be calculated for mixed state. It is known that by local filtering any two qubit state can be transformed to either Bell diagonal state or the state of the form [3] 
The entanglement property of Bell diagonal state is well known. We in this paper will investigate the relative entropy of entanglement of this second local filtering result state. More generally, we consider the following state which contains the above state as a special case:
The other two eigenvalues of ρ are λ 0 and λ 3 , with λ + = λ 0 + λ 3 and λ − = λ 0 − λ 3 . This state appears at the issue of continuous variable to qubit mapping [4] [5] . The relative entropy of entanglement is defined as [6] E r (ρ) = min
Where S is the quantum relative entropy
The main difficult in the calculating of the relative entropy is the calculation of the logarithmic of the density matrix. Here the density matrix under consideration will be in the form of direct plus of two 2 × 2 matrices. For 2 × 2 matrix, we will simplify the calculation by making use of the algebra of Pauli matrices.
2 The logarithmic of the 2 × 2 matrix
For any 2 × 2 density matrix , we have a Bloch representation for it, it is
Where − → b is a unit vector, and σ i (i = 1, 2, 3) are Pauli matrices. Similarly, for any 2 × 2 positive definite unitary symmetric matrix W , we have
To carry out log W , let us first calculate
By Taylor expansion of log W , we get
The relative entropy of entanglement
Suppose the relative entropy of entanglement of state ρ be reached by a separable state χ * , so that the quantum relative entropy of ρ with respect to χ * is the smallest. We will find χ * in two steps, firstly suppose χ * have the same matrix structure of ρ,
the other two eigenvalues of χ * are χ 0 , χ 3 = 1 2 (χ + ± χ − ). The second step is to prove that such a kind of χ * is really the state with minimal relative entropy. The full proof is left to the next section.The state χ * should be at the border of separable state set (e.g. [7] ). For a border state, the separable condition now takes the form of
Let
The separable condition will be
Hence
Consider the restriction T rχ * = 1, by Lagrangian multiplier method, we have f (χ * ) = S (ρ χ * )+x (T rχ * − 1) . The differentiation on A 1 will lead to x = 1, and clearly cos ϕ = 1. The other derivations will be
Together with T rχ * = 1 which now takes
we can determine χ * . For arbitrary φ, these equations can not analytically solved. When φ =
− log(2λ 2 (1 − λ 1 + λ 2 )),
The case of φ = π 2 can also be solved by the fact that the function − log x is convex which results in − log( ψ| χ |ψ ) ≤ − ψ| log χ |ψ for any operator χ and any normalized state |ψ [8] . Noticing that for φ = θ = π 2 the states ρ and χ * have the same eigenbasis. So that E r (ρ) = min
can be obtained under the constraints 
Proof of matrix structure of the separable state
The most important thing left is to prove that for our special state ρ of Eq.(2), the separable state χ * have the same matrix structure of ρ. We prove this by the fact that local minimum is also the global minimum when it is regards to the relative entropy of entanglement [8] . Hence we only need to prove that χ * is the local minimum state. Let f (x, χ * , χ) = S(ρ (1 − x)χ * + xχ ) be the relative entropy of a state obtained by moving from χ * towards some χ. The derivation of f will be [9] [8]
where we denoted (1 − x)χ * + xχ = χ * − δχ, and the operator A has the following matrix elements in the eigenbasis {|χ n } of χ * :
And when χ m = χ n , the corresponding coefficient should be replaced with the limit value of χ −1 n . We have
And all other A χ mn are 0. In the usual basis {|00 , |01 , |10 , |11 } , the operator A will be
Expressing −T rρ log χ * in χ i and considering the constraints 
where z is Lagrangian multiplier. The derivations then will be
From the last equation, we get z = 
The last equality is from Eq.(11). And
with B = . We should prove that for any separable state χ,
where T rAχ * = 1 [9] , But any χ ∈ D can be written in the form
The problem is reduced to prove that for any normalized pure state |αβ αβ| ,
Let |α = cos 
= 0. The last equality is due to Eq.(32). So that max α,β αβ| A |αβ = 1. And inequality (34) is proved. We complete the proof that χ * is the separable state having the smallest quantum relative entropy of ρ with respect to.
Conclusions and Discussions
The main result of this paper is that for two qubit state with six none zero density matrix elements ( besides diagonal elements, the other two none zero elements are |00 11| and |11 00| items) the separable state reaches the relative entropy of entanglement has the same density matrix structure. The proof is strict. The direct application is the relative entropy of entanglement of two qubit local filtering result state and more generally two qubit state converted from quantum continuous variable. It is anticipated that the proving can be applied to a more general block diagonal state, that is, a state with eight none zero elements (the new none zero elements are added at |01 10| and |10 01| items ).
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